DENSITY OF INTEGER SOLUTIONS TO DIAGONAL 
QUADRATIC FORMS 
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Abstract. Let Q be a non-singular diagonal quadratic form in at least four 
variables. We provide upper bounds for the number of integer solutions to the 
equation Q = 0, which lie in a box with sides of length 2B, as _B — » oo. The 
estimates obtained are completely uniform in the coefficients of the form, and 
become sharper as they grow larger in modulus. 



1. Introduction 

Let n ^ 3 and let Q G 'Z[xi, . . . , a;„] be a non-singular indefinite quadratic form. 
Given an arbitrary bounded subset TZ of K", it is natural to investigate the number 
of zeros x = {xi, . . . ,a;„) € of the equation Q(x) = that are confined to the 
region BTZ = {x e M" : B~^x £ TZ}, as i? ^ cxo. In the present paper we will focus 
upon the case of integer solutions to diagonal quadratic forms, that lie in the box 
corresponding to taking TZ the unit hypercube in M". Suppose once and for all that 

Qix) ^ Aixf + ■ ■ ■ + Anxl, (1.1) 

for non-zero integers Ai, . . . , An not all of the same sign, and write Ag = Ai ■ ■ ■ An 
for the discriminant of Q. Our goal is therefore to understand the asymptotic 
behaviour of the counting function 

N{Q; B) = #{x e Z" : Q(x) = 0, |x| ^ B), 

where |x| = maxi^i^„ \xi \ denotes the usual norm on M". Using Mobius inversion it 
is then possible to extract information about the corresponding counting function in 
which one is only interested in counting primitive vectors. This amounts to counting 
rational points of bounded height on the quadric hypersurface Q = in P"~^. It 
will suffice to restrict our attention to primitive quadratic forms throughout our 
work, in the sense that Ai, . . . , An have greatest common divisor 1. 

It should come as no surprise that the quantity N{Q; B) has received substan- 
tial attention over the years, to the extent that many authors have established 
asymptotic formulae for quantities very similar to N{Q; B). Let us define the more 
general counting function 

7V^(Q;S) = ^ii;(B-ix), 

for suitable bounded weight functions w : R" M^q of compact support, where 
the summation is taken over all x e Z" such that Q(x) = 0. In particular we clearly 
have N{Q;B) = N^*{Q; B), where w* — X[-i,i]" is the characteristic function of 
the unit hypercube in R". Several methods have been developed to study Nu,{Q; B) 
for appropriate weight functions w, and we proceed to discuss what is known. Under 
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suitable assumptions about w, Malysev [8] has established an asymptotic formula 
for Nw{Q; B) when n ^ 5, and Siegel has done the same when n = 4 and the 
discriminant Ag is a square. One of the most impressive results in this direction, 
however, is due to Heath-Brown 6 , who has established an asymptotic formula 
for N^{Q;B) when n ^ 3 and w belongs to a rather general class of infinitely 
differentiable weight functions. Heath-Brown's approach is based upon the Hardy- 
Littlewood circle method, and the outcome of his investigation is the existence of 
a non-negative constant c(w; Q) such that 

NM B) = c{w;Q)B"-^ {log B)''- {I + 0(1)), (1.2) 

as -B — !■ oo. Here 6„ = 1 if n = 3, or if rt = 4 and Ag is a square, and bn = 
otherwise. The constant c(w; Q) may be interpreted as a product of local densities. 
All of these estimates for Nw{Q;B) share the common feature that they depend 
intimately upon the coefficients of the quadratic form under consideration. 

The central theme of this paper is the finer question of whether it is possible to 
provide estimates for the counting function N{Q;B), for suitable choices of Q, in 
which the dependence upon the coefficients of Q is made completely explicit. Let 

m(Q)= min \A,\, \\Q\\ = max \Ai\ (1.3) 

denote the minimum and height of Q, respectively. For small values of n the 
geometry of numbers is particularly effective for this sort of problem. Thus when 
n = 3 it follows from the author's joint work with Heath-Brown [3l Corollary 2] 
that 

N{Q;B)^[j^^ + iyi\AQ\), (1.4) 

where hg is the greatest common divisor of v4i^2,^i^3 and A2A3, and d denotes 
the divisor function. When n = 4 work of the author fll, Theorem 3] establishes 
that 

for any e > 0, under the assumption that Ag is square-free. With more care, 
can be replaced by S^jAgj^ in this estimate. Both (|1.4p and (jl.Sp have the obvious 
feature of becoming sharper as the discriminant of the form grows larger. When 
n ^ 5 the best uniform estimate available is the estimate 

iV(Q;B)«,,„S"-2+e^ (1.6) 

that is due to Heath-Brown [3 Theorem 2] . Our main result consists of an estimate 
for N{Q; B) that bridges p3)) and pTB)) for arbitrary n > 4. 

Theorem 1. Let n ^ 4 and assume that Ag is not a square when n — A. Then 
for any e > and any B ^ 1, we have 

where 

1, if n is even and n ^ 5, ,^ , 

0, if n is odd or n — A. 
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In view of the upper bounds 1 ^ m{Q) and m{Q) ^|Aq| ^ HQH" ^, it is clear 
that we can always take m(g)i/2||g||i/2 ^ |^^|i/(2(«-i)) Theorem [H For a 
typical diagonal quadratic form one expects the coefficients to have equal order of 
magnitude |Aq|^/", so that there exist positive constants ci ^ C2, depending only 
on n, such that 

ci|Aq|1/" ^ IIQII ^ m{Q) ^ C2\Aq\'^^. (1.8) 
The following result is a trivial consequence of Theorem [T] 

Corollary. Let ti ^ 4 and assume that Aq is not a square when n = 4. Suppose 
that (|1.8p holds for appropriate constants ci, C2. Then for any e > and any B ^ 1, 
we have 

NiQ;B) «,,„ + |AQ|3/4B(»-i+^.)/2+e^ 

where 6n is given by (|1.7p . 



lA 



Ql 



A standard probabilistic argument suggests that N{Q; B) should have order of 
mag nitude |A|-i/"B"-2, at least on average. Our bounds are clearly consistent 
with this heuristic. A brief discussion of certain lower bounds for N{Q;B), in the 
case n = 4, can be found in the author's earlier work upon this problem [Jl §4]. 

It is somewhat annoying that the term m{Q) should appear at all in the state- 
ment of Theorem [T] We can obtain estimates independent of m{Q) by considering 
an alternative counting function. Given a parameter X 1, let 

M{Q;X) = #|x e Z" : Q(x) = 0, max \A,xi \ x\. 

We will deduce the following result rather easily from our proof of Theorem [T] 
Theorem 2. Let n ^ 5. Then for any e > and any X ^ 1, we have 

v(n-2)/2 

M{Q-X) «,.„ ( ,^ ,,,, + ||Q||«/2+e^(n-l+^„)/4+s 

where Sn is given by (jl.7p . 

It would not be hard to extend Theorem [5] to cover the case in which n = 4 
and Aq is not a square. Our approach to estimating N{Q;B) and M{Q;X) is 
based on Heath-Brown's new version of the Hardy-Littlewood circle method [B] 
that was used to establish (|1.2[) . Whereas the classical form of the circle method 
(as described by Davenport for example) is based on the equality 

\ 0, ifneZ\{0}, 

Heath-Brown works with a more sophisticated expression for this indicator function. 
The other main difference is the use of Poisson summation to introduce a family of 
complete exponential sums, rather than using the major and minor arc distinction 
that appears in the classical circle method. 

The overall plan will be to establish a version of the asymptotic formula (|1.2p , for 
a suitable weight function w : M" — > M^Oi in which the error terms dependence on 
Q is made completely explicit. Once coupled with a uniform upper bound for the 
constant c{w; Q), this will suffice for the proof of Theorem[T] It is worth highlighting 
that the classical form of the circle method could easily be used to establish a result 
of the type in Theorem [1] when n ^ 5. However, a double Kloosterman refinement 
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is needed to treat the case n = 4. Heath-Brown's approach already incorporates a 
single Kloosterman refinement when rt ^ 5, which in itself yields a sharper error 
term. Moreover, the double Kloosterman refinement needed to handle the case 
n — A can be carried out with little extra trouble. There are a number of extra 
technical difficulties that need to be dealt with before Heath-Brown's method can 
be implemented, however. The most substantial of these involves pinning down 
the exact dependence of his estimates for certain exponential integrals upon the 
quadratic forms under consideration. 

Theorem [T] can be extended in a number of obvious directions. In addition 
to covering the case in which n ~ A and the discriminant Aq is a square, it is 
possible to handle non-diagonal indefinite quadratic forms. We have decided to 
pursue neither of these refinements here, however, choosing instead to focus upon 
the simplest situation for which we can provide the strongest results. 

We end this section by introducing some of the basic conventions and notations 
that we will follow throughout this work. As is common practice, we will allow the 
small positive constant e to take different values at different points of the argument. 
We will often arrive at estimates involving arbitrary parameters M, N . These will 
typically be non-negative or positive, but will always take integer values. Given 
any vector z g K." we write J /(z)dz for the n-fold repeated integral of /(z) over 
R". Given g G N, a sum with a condition of the form b (mod q) will mean a sum 
taken over b £ Z" such that the components of b run from to g — 1. Finally, for 
any a G R we will write e{a) — e^^'" and eq{a) = e^^'"/*. 

2. Preliminaries 

In this section we bring together the principal ingredients in the proof of The- 
orems [T] and [21 As indicated above, the main idea is to establish a uniform ver- 
sion of (|1.2p . for a suitable weight function. Before introducing the weight that 
we will work with, we first elaborate upon the nature of the constant c(w; Q) 
that appears in Heath-Brown's estimate. As is well-known to experts, we have 
c{w;Q) — aoo{w;Q)&{Q), where <Joo{w',Q) corresponds to the singular integral, 
and &{Q) is the singular series. Define the p-adic density of solutions to be 

dp = lim p-''^("-i)#{x (mod p^) : Q{k) = (mod p*^)}, (2.1) 
for any prime p. When these hmits exist, the singular series is given by 

6(Q)=n^p- (2.2) 

p 

We will see shortly that &{Q) is convergent for the forms considered here. 
Consider the function wo : K — > M^o, given by 

Then wq is infinitely differentiable with compact support [—1,1]. Let 

/oo 
wo{x)dx, (2.4) 
-OO 

and define the function 

px — e 
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for given e > 0. It is easy to see that uJe takes values in [0, 1] and is infinitely 
differentiable, with compact support [0, 2e]. In our work we will make use of the 
non-negative weight function 

wH^)^woixi-2)llcu^{l-^y (2.5) 

on M". It is clear that w^(x) is zero unless 1 ^ a;i ^ 3 and Q ^ Xi ^ xi ioi i ^ 2. 
In particular w'^ is supported in the compact region [1,3] x [0,3]"^"'^. 

We are now ready to record our asymptotic formulae for the weighted counting 
function N^-t {Q; B). Let Q be the primitive quadratic form (jl.ip . and recall the 
definitions p.3p of the minimum and height of Q. We may and will assume that 
the coefficient Ai is positive, throughout our work. The following result will be 
used to handle the case n ^ 5 in Theorem [TJ 

Proposition 1. Let n ^ 5. Then there exists a non-negative constant CToo(Q) such 
that 

, ||/n||2n+3+e . 

A^.t (g; B) = {Q)e{Q)B-~^ + (^311SL__b("-i+^-»)/^+^) , 

where 6n is given by (jl.7p . &{Q) is given by (j2.2p . and 

'JooiQ) A-'^'\\Q\\-'/\ (2.6) 

Turning to the case n = 4, for which we must assume that the discriminant is 
not a square, we have the the following result. 

Proposition 2. Let n — A and assume that Aq is not a square. Then there exists 
a non-negative constant UcoiQ) such that 

N^,{Q- B) = a^{Q)&{Q)B^ + 0,(i^^B3/2+e 

where &{Q) is given by (|2.2p . and cr^[Q) satisfies (j2.6p . 

Our final ingredient in the proof of Theorem [T] is a uniform upper bound for the 
singular series 6{Q). This will show, in particular, that for the family of quadratic 
forms (jl.ip considered here, &{Q) is convergent and actually grows rather slowly 
in terms of the coefficients of Q. The following result will be established in [JT) 

Proposition 3. Let n ^ 4 and assume that Aq is not a square when n — A. Then 
we have &{Q) <e^„ |Aq|'. 

We are now ready to deduce the statement of Theorem [T] from the statements of 
Propositions [IHSl Let e > 0, let n ^ 4, and assume that Ag is not a square when 
n = 4. On writing Q" for the diagonal quadratic form obtained by permuting the 
coefficients Ai, . . . , v4„, for each cr G 5„, we deduce that 

oo 

iV(g;i?)«„l+ J2 5I^»t(g";s/2^) 

aGSn j=o 

/ R"-2 ||^[|2n+3+e . 

<g f £ + ^(n-l+5„)/2+eA| A |£ 

Vm(g)l/2||Q||l/2 ^ ^(Q)3n/4+3|AQ|l/2 J\ Q\- 

This completes the proof of Theorem [TJ The proof of Theorem [2] is handled in 
exactly the same way. Instead of using Proposition [TJ however, we employ the main 
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technical result in recent joint work of the author with Dietmann ^ Proposition 1]. 
Once combined with Proposition [Sj this latter result implies that 

/ R^~2 \ 
7V^^(g;i3)«,^„ (___ + ||Q||"/2+e5(n-l+^„)/2+e^|AQ|^, 

where 

w;q(x) := w;o(2|Ai|i/2a;i - 2)woi\A2\^/^X2) ■ ■ ■ woi\A^\^^^x^), 

and wq is given by (EH). Taking B ^ X^^^, and arguing as in the deduction of 
Theorem [1] we therefore complete the proof of Theorem [2] 

It is now time to recall the technical apparatus behind Heath-Brown's version of 
the Hardy-Littlewood circle method f6] . Recall the definitions (|2.3p and (12. 4p of the 
weight function wo : M ^ K>o, and the constant cq. Let uj{x) — 4cq wq{4:X — 3), 
and define the function h : (0, oo) x M ^ R by 




It is shown in [Bl §3] that h{x,y) is infinitely differentiable for {x,y) € (0, oo) x R, 
and that h{x,y) is non-zero only for x ^ max{l, 2|?/|}. Let Q be the quadratic 
form (|l.ip . let be given by p.5[) . and let X > 1. The kernel of our work is 
Heath-Brown's [(T, Theorem 2]. For any g G N and any c G Z", we define the sum 

S,ic)= E E e,(aQ(b)+b.c), (2.7) 

£1=1 b (mod q) 

and the integral 

I,{c)= £^t(|);,(|,^),^(_e.x)dx. (2.8) 

Then we deduce from the statements of [6l Theorems 1 and 2] that there exists a 
positive constant cx, satisfying 

cx = 1 + On{X-^) 

for any integer ^ 1, such that 

oo 

N^,{Q;B)^cxX-^ ^ ^ g-"5,(c)/,(c). (2.9) 

In our work we will make the choice 

X = aY^B, (2.10) 

where as usual Ai is assumed to be positive. Things can be made notationally less 
cumbersome by taking X = B here instead. However, this would ultimately lead to 
a version of Propositions [T] and [2] with Ai set to 1, and there is no extra technical 
difficulty in working with (|2.10p . In fact the key property required of X is that we 
should have B^X~^dQ{x)/dxi 1 on the support of w^. When X is given by 
p.lOp . we obviously have 

B'^X-^dQ{x)/dxi ^ 2A-{^Axxx > 1 

on supp(w^), which is satisfactory. 



DENSITY OF INTEGER SOLUTIONS TO DIAGONAL QUADRATIC FORMS 



7 



Our proof of Propositions[T]and[2]now has two major components: the estmiation 
of the exponential sum (j2.7|) and that of the exponential integral ()2.8|) . We will 
treat the former in while the treatment of the latter is rather harder, and will 
be the focus of 21 We will deduce the statement of Proposition [1] in 53 and that 
of Proposition [2] in |j6l Finally the proof of Proposition [3] will take place in SjTl 

3. ESTIMATING Sq{c) 

The purpose of this section is to provide good estimates for the exponential 
sums Sq{c), as given by (|2.7p . which are uniform in the coefficients of Q. Much of 
this section follows the general lines of Heath-Brown's investigation [6l §§9-11]. A 
number of the results we will need may be quoted directly from that work, and we 
begin by recording the following multiplicativity property [6l Lemma 23]. 

Lemma 1. If gcd{u,v) = 1 then 

Suy{c) ^ Su{c)S,{c). 

In fact our work may be further simplified by appealing to the author's joint 
work with Dictmann [2], in which uniform estimates for the average order of Sq{c) 
are provided for n ^ 5. The outcome of this investigation is the following result [21 
Lemma 7]. 

Lemma 2. Let n ^ 5 and letY^l. Then we have 

^ \Sq{c)\ |A^|l/2+ey(„+3+^„)/2+s^ 

where (5„ is given by (jl.7p . 

In view of Lemma[l] the function q~'^Sq{0) is multiplicative. Moreover, Lemma[2] 
implies that the corresponding infinite sum X^^i 9~"5'ij(0) is absolutely convergent 
for n ^ 5. Thus the usual analysis of the singular series yields 

oc oo 

j2q-"Sq{o) = nEp""*'5p'(o) = n^p' (3-1) 

q=l p t=0 p 

where <7p is given by ()2.1|) , and we may conclude that 

J2 q'''Sq{0) = &{Q) + 0,,„(|AQ|i/2+ey(3+5"-")/2+e)^ (3.2) 

for n ^ 5. Here, &{Q){Q) is given by (g^). 

It will suffice to assume that n = A throughout the remainder of this section. 
The following easy upper bound for Sq{c) follows from the proof of [6, Lemma 25]. 

Lemma 3. We have 

Proof. An application of Cauchy's inequality yields 
\Sq{c)\' ^ <Piq) J2 E 

a=l d,e=l 
gcd(a,ij) = l 

On substituting d = e + f , we find that 

e,(a(Q(d) - g(e)) + c.(d - e)) = eq{aQ{i) + c.f )e,(ae.VQ(f)). 
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Since V(5(f) = 2(Aifi, . . . , A^fi), the summation over e will produce a contri- 
bution of zero unless q \ Aifi for 1 ^ i ^ 4. This condition clearly holds for 
<C gcd(q, Ai) ■ ■ ■ gcd((7, A4) values of f (mod q), whence the result. □ 

We will be able to improve upon Lemma [3] when q is square-free. The first step 
is to examine the sum at prime values of q. Define the quadratic form 

Q-i(y) = A^Vi + A^^vl + A^^yl + Al\l 

with coefficients in Q. When p is a prime such that p \ 2Aq we may think of 
as being defined modulo -p. With this in mind, we have the following result. 

Lemma 4. Let p be an odd prime. Then we have 



Sp{c) = 
ifp\^Q, and 

4 

Sp{c) « p5/2gcd(p, AqQ-1(c))V2 Y[ gcd(p, 

^fp\^Q- 

Proof. The first part follows on taking n = 4 in [51 Lemma 26]. The second part 
follows by arguing along the lines of Lemma 5]. □ 

We may now combine Lemma [Hand Lemma [4| to provide an estimate for Sq{c) 
in the case that q is square-free. 

Lemma 5. Let q Cz N be square-free. Then we have 

5,(c)«,g5/2+eg^d(Q,AQQ-i(c))i/2 Yl gcd(g,AO^/^ 

Proof. Since q is square- free we may write q = 2'^ 11^=1 J^ii '^ith pi, . . . ,pr distinct 
odd primes and e G {0, 1}. Then it follows from Lcmma[Tl together with the trivial 
bound |S'2(c)| ^ 2"^, that 

r 

\Sg{c)\^2^l[\S,^{c)\. 

Now for each 1 ^ j ^ r, it follows from Lemma [5| that 

S (c) « \ 'gcdfe' AqQ-1(c))V2, if t Aq, 

^ \ ^gcdfe-,AQQ-Hc))^/^ntigcdfe,A,)V2, ifp^. I Aq. 

Putting these estimates together therefore yields the proof of Lemma [Sj □ 

We are now ready to discuss the average order of |S'g(c)|, as a function of q. 

Lemma 6. Let Y ^ 1. Then we have 

^ r |Ag|l/2+e|c|ey7/2+e^ z/Q-l(c)^0, 

\Aq\^/^Y\ Otherwise. 
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Proof. The second bound is an easy consequence of Lenima|3l We therefore proceed 
under the assumption that Q^^(c) ^ 0. Write q — uv for coprimc u and such 
that u is square- free and v is square- fuU. Then we may combine Lemmas [I] [3] and 
[5] to deduce that 



5,(c) « |5„(z;c)|z;3 J] gcd{v,A,)^ 



/2 



«, |AQ|l/2g5/2+e„l/2g,d(^,,AQQ-l(c))l/2. 

It foUows that 

5:i^,(c)|«,|AQ|V2y5/2+e^,l/2 ^ gcd(^, AgQ-^ (c)) 

provided that Q~^{c) ^ 0. We complete the proof of Lemma [6] by noting that there 
are 0(F^/^) square-fuU values of w ^ □ 

Lemmainiwill sufhce for our purposes if Q~^{c) ^ 0. To handle the case in which 
Q~^{c) = we must work somewhat harder. Consider the Dirichlet series 

oc 

I?(s;c) =^g-^5g(c), (3.3) 

for s = cr -f i< G C. Then it follows from Lemma [H] that -D(s; c) is absolutely 
convergent for ct > 4. Moreover Lemma [T] yields D{s;c) = Yip-^pi^'^^)' where 

oc 

Dp(s;c) =^p-'=^5p.(c). (3.4) 

A;=0 

We now investigate the factors Dp{s;c) more carefully, for which we must distin- 
guish between whether or not p is a divisor of 2 Ag . 

Suppose first that p \ 2Aq. Then one easily deduces from Lemma |3] that 

oo 

Dp{s;c) < y^^p(3-o-)fcp(min{i/p(Ai),fc} + ---+min{i/p(A4),fc})/2 

fe=0 

oo 

fe=0 

if (T > 7/2, where i'p{n) denotes the p-adic order of any non-zero integer n. Hence 

n ^p(s;c)«, |Aq|1/2+^ (3.5) 

p|2Aq 

Suppose now that p| 2Aq. Then it follows from Lemmas [3] and |4] that 
Dp{s; c) = 1 + (^^y-^{p - 1) + Os{p-'-^% 
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for a ^ 7/2 + (5, since Q^^ic) ~ 0. On writing xq{p) — (^)' we therefore deduce 
that 

I?,(s;c) - (l-XQby"')~'(l + 05(p-i-^)), (3.6) 
for a ^ 7/2 + 5. We may combine this with (13. 5p to conclude that 

D{s-c)^L{s^'d,XQ)E{s-c), (3.7) 

in this region, where E{s]c) <^s^e |Aq|^/^+^. In particular D{s;c) has an analytic 
continuation to the half-plane a > 7/2. 

Let Y be half an odd integer. Then it follows from an application of Perron's 
formula (see the proof of Titchmarsh [lOl Lemma 3.12], for example), together with 
the second estimate in Lemma |51 that 

for any T ^ 1. Let a — 7/2 + e. Then we proceed to move the line of integration 
back to CT = a. Now p.7p yields 

D{a + it;c) <e |AQ|i/2+e|2,(a_3 + ii^;^Q)|, (3.9) 

for a G [a, 6]. We now require the following simple upper bound for the size of the 
Dirichlet L-function. 

Lemma 7. Let x be a Dirichlet character modulo k. Then we have 

^(i-(T)/2+£^i-(T+e^ jjg- £ (1/2,1] and X non-principal, 
1, i/cre (1,00), 



L{a + it,x) <s,CT 



where t = 1 + Itl 



Proof. The result is trivial for a > I. Assuming that a G (1/2,1], therefore, we 
may combine the Polya- Vinogradov inequality with partial summation, to obtain 

L(a + zt,x)«. + (1 + 1^1) / ^.+1 

il + \t\)k^^Hogk 

<^a;i '"loga;+-^ '-^ 

for any x ^ I. The proof of the lemma is completed by taking x — {1 + \t\)k^^^ and 
noting that logz for any z ^ 1. □ 

Sharper versions of Lemma [7| are available in the literature, although we will 
not need anything so deep here. For example, Heath-Brown [5] has shown that 
L{(T + it,x) <e,<T (fcr)3(i-'^)/8+% for a £ (1/2, 1], where t = l + \t\ and x is any 
non-principal character modulo k. 

We continue with our analysis of the Dirichlet series D{s;c). Now XQ is a non- 
principal character, since Aq is not a square when n = 4. Hence applying Lemma[7] 
in dSS]) yields 

Z„. + .;c)«,|A«r/».|IA«l'-""-(l + l<l)'— , 
In particular 
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Turning to the contribution from the vertical lines, we will employ the mean- value 
estimate 



/ \L{a + it,x)\^dt'^„ k^^^U, 
Jo 



that is valid for any a G (1/2, 1) and any character modulo k. But then it follows 
from this, together with an application of (|3.9p and Cauchy's inequality, that 

<e lAQ|3/4+^r^/2+eys^ 

We are now in a position to bring this all together in (13. 8p . Thus we conclude the 
proof of the following result by taking T = Y^^^, and noting that D{s;c)Y'^ /s is 
holomorphic in the half-plane a ^ a. 

Lemma 8. Suppose that Aq is not a square and Q~^{c) = 0. Then we have 

Y.s,{c)«, |AQ|3/4+^y^/2+^ 

We conclude this section with a few words about the sum X]g<y Q^^'^qW the 
case n ~ A. In the notation of (|3.3p . we have 'Yl^=i^^^^q{^) — -D(4;0), and the 
argument used to prove Lemma [5] ensures that -D(4;0) is convergent. Thus p.ip 
continues to hold when n = 4. Moreover, we may trace through our application of 
Perron's formula to conclude that 

^ q-^sM = 6(Q) + o.(|AQ|3/4+-y-i/2+-). (3^^Q) 

q^y 

4. ESTIMATING Iq{c) 

Let g G N, let c G Z" and recall the definition of the quadratic form Q. We 
continue to employ the notation \\Q\\ for the height of Q, as given by (|1.3p . and the 
convention that Ai > in The goal of this section is to study the integral 

(j2.8p . In fact it will be convenient to investigate the behaviour of the integral 

/,(c;^)=£«;(|)/i(|,^)e,(-c.x)dx, (4.1) 

for a rather general class of weight functions w : M" K^o- Our first task is 
therefore to define the class 'W{S) of weight functions that we will work with. 
Here, S is an arbitrary set of parameters that we always assume to contain n. 

Our presentation will be much along the lines of [SI §§2,6]. By a weight function 
w, we will henceforth mean a non- negative function w : R" R;soj which is 
infinitely differentiable and has compact support. Given such a function w, we let 
dim(w) — n denote the dimension of the domain of w and Rad(w) be the smallest 
R such that w is supported in the hypercube [— i?, i?]". Moreover for each integer 
j ^ we let 

Kj{w) = max — — : x G K", Ji + ■ ■ ■ + .]n = J \ ■ 

We define yVi(S') to be the set of weight functions w : M" — > M^o, such that 
dim(w), Rad(z/;), ko{w), ki (w), . . . 
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are all bounded by corresponding quantities involving parameters from the set S. 
In particular it is clear that G Wi(7i), where is given by p.5|) . We now 
specify the set of functions W(S') C yV'i(S'). Given w £ Wi(S'), we will say that 
w G W(5) if xi ^5 1 on supp(i(;). In particular it then follows that there is exactly 
one solution to the equation Q{xi,y) = 0, for given y = (x2, ■ ■ ■ ,Xn) G such 
that 

(^yJ-A^\A2xl + ■■■ + A„a;2), y) G supp(w). 

We conclude our discussion of the class W(S') by noting that G W(n). 

Returning to the task of estimating Iq{c) — Iq{c-,w'^), it will clearly suffice to 

1 /2 

estimate (|4.1|) for any choice of weight w G W(5). On recalling that X — B 
in ()2.10|) , a simple change of variables yields 

Iq{c-w) = B'' I w{x)h{A^^^^ B^^q, R{x))eq{-Bc.x)dx, 

where 

R. = A^^Q eq[x]. 

In particular R{x) -Cs HQH/Ai for any x G supp(w). It follows from the properties 
of h discussed in |21 together with the definition of the set W{S), that Iq{c) will 

1 /2 

vanish unless q B\\Q\\/A^' . Following Heath-Brown we proceed by defining 
r*(y-w)^ I w{x)h{r,R{x))er{-w.x)dx, (4.2) 



so that 

/,(c;zi;) = i?"/;(v;H, (4.3) 
with r = A^ ^^^B^^q and v ~ A^ ^^^c. We note that 

dlq{c;w) _ 9/;(v;w) 



dq dr 



(4.4) 



In our work we will need good upper bounds for the integral /*(v;w) and its 
first derivative with respect to r, that are uniform in the coefficients of Q. For this 

1/2 

purpose it will clearly suffice to assume that q <^s B\\Q\\/A^' , or equivalently that 
'^S IIQIIMi- Following Heath-Brown's argument in [6] §7], let H denote the set 
of infinitely differentiable functions / : (0, oo) x R — * C such that for each N <E N 
there exist absolute constants Kj^n > for which 

d'f{r,y) ^/ i^o,Jv(r~+min{l,(r/|2/|)^}), if j = 
Define the integral 



- ^ 7^,-jvr-^"min{l,(r/|2/|)^}, ifj :;jl. ^^'^^ 



Jr{-n;uj,f) = / a)(x)/(r,i?(x))e(-u.x)dx, 



for any u G VV(S') and any f G H. Here r is restricted to the interval (0, oo) and 
u can be any vector in R". Let k G {0,1}. Then a straightforward examination 
of the proof of 6, Lemma 14] reveals that there exists w^'^^ G W(S') and f^''^ G H 
such that supp(ci;(*'')) C supp(w) and 

^'^gj'""^ «r'^-^|J,.(r-iv;c.W,/W)|. (4.6) 



DENSITY OF INTEGER SOLUTIONS TO DIAGONAL QUADRATIC FORMS 



13 



Indeed the only thing to check here is that the statement of [SJ Lemma 14] remains 
vahd when one starts with an arbitrary weight function belonging to yV(S'), and 
that it produces auxiliary weight functions also belonging to W{S). 

In view of (14. 6|) it will now be enough to estimate Jr(u; ui, f) for given uj e W(5) 
and f E Ti.. We begin by recording a rather trivial upper bound for this integral. 
The following result is established much as in [6, Lemma 15]. 

Lemma 9. Let lo G W(S') and let f £TL. Then we have Jr(u;cj, /) <tis f- 

Proof. Since f E H, we may deduce from (j4.5p that 

Jr{u;ujJ) <^N J w(x)(^r^ + min|l,|^|--yp^|^dx, 

for any N ^ 1. If r ^ 1 then we may take iV = 1 in this estimate to deduce that 
Jr(u; uj, f) <C5 1 + r ^5 r, which is satisfactory for the lemma. If r < 1 then we 
take = 2 to obtain 

J^(u;w,/)< J w(x)(^r + min|l,-^|-y2|)dx. 

Since xi 1 for any x e supp(ci;) we have 

dR , , 

on supp(cij). On substituting y = i?(x) for xi we therefore obtain 

Jr{u;u;J)^sr+ [ I (y; u;)dy + [ ^^^dy, 

J |y I |y I >^ y 

where 

r ■■■ ra,(x)%— (4.8) 



dR/dxi 

in which xi is defined by the relation y — i?(x). We proceed to show that / G 
yVi(S'), with dim(/) = 1. To see this it suffices to check that 

y u;{xi{y),X2,---,Xn) ^ 
dyi dR{xi{y),X2, . . .,Xn)/dxi 

on supp(cj), for any j ^ 0. But this follows from the lower bound (|4.7p and the 
fact that dxi/dy = {dR/dxi)~^ . Having established that / G yVi{S), we obtain 
Jr(u;uj, f) <Cs r when r < 1, as required to complete the proof of Lemma[9l □ 

Turning to a more sophisticated treatment of Jr{u;uj, f ), for given uj G W(S') 
and f &H, we define 

K^A^^WQW, K{lu) ^nKRadiujf. (4.9) 

Then it is clear that K <5 if (w) <5 K for any u G W{S), and |i?(x)| K{uj) for 
any x G supp(a;). Recall the definition (|2.3p of wq, and define 



w(x) 



.2K{uj)J' ' cj2(i?(x))' 

Then it is not hard to check that W2 has compact support [— 2iir(a;), 2if(w)], and 
that wi G W('5'), with supp(u;i) C supp((j;). An examination of the proof of [SI 
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Lemma 17] reveals that 

/oo /■ 
p{t) tJi(x)e(ti?(x) -u.x)dxdi, (4.10) 
-oo Jr" 

with 

/oo 
^2{v).f{i", v)e{—tv)dv. 
-oo 

We proceed to estabhsh the bound 

p{t) «jv,5 Kr{r\t\)-^, (4.11) 

for any N ^ 0, where K is given by (|4.9p . Writing g(i;) = u;2{v)f{r, v), a repeated 
appUcation of integration by parts reveals that 



pit) <JV,S 1^1 



-N 







'-2K{u) 





du, 



for any iV ^ 0. But on employing the inequalities (14. 5p satisfied by /(r, u), together 
with the fact that r <^s K, we easily deduce that for any M ^ 1 and ^ we 
have 

d^g{v) r^^ + min{l,(r/|u|)^^} min{l, (r/|u|)2} 
«M,7V,S + ^ 

r ri-^ +r-^min{l,(r/|w|)2}, ifr<l, 
«^'^\ri-^, ifr^l. 

It is now straightforward to deduce the estimate in (|4.1ip . 

We are now ready to use the above analysis to deduce a series of useful basic 
estimates for the integral Iq{c;w), for any w £ W(5). Our first result in this 
direction will be used to show that large values of c make a negligible contribution 
in our analysis. 

Lemma 10. Let c e Z" with c ^ 0. Then we have 

w ^ 5"+' iiQir+' 



for any N ^ 0. 



Proof. The proof of Lemma [TOl closely follows the proof of [6l Lemma 19]. Recall 
(|4?2l) . (|43)) and the definition (|49l) of K. Then in order to estabhsh Lemma [TOl it 
will suffice to show that 

/;(v;u;) «Ar^5 Z^^+V-Vr"^, (4.12) 

for any ^ 0. To deduce (|4.12p we employ the identity (|4.10p and the estimate 
(|4.1ip for p{t). Suppose first that |u| 3>s K\t\, where K is given by (|4.9p . Then we 
apply [6l Lemma 10] with /(x) = tR{x.) — u.x and A = juj. This gives 



/ wi(x)e(ti?(x) - u.x)dx <Af.s juj 



-A/ 



for any M ^ 1. Once inserted into (j4.10p . and combined with an application of 
()4.1ip with = 0, we obtain a contribution of 



<M,s Kr f \u\-^'dt «M,s rjuji-^^ 

J\t\<t:sK'^u\ 
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to Jr{u;LO,f). When |u| <C5 K\t\ we use the trivial bound 

/ tJi(x)e(ii?(x) - u.x)dx <s 1, 
and take N = M in (|4.1ip . This contributes 



J|t|»K-i|ul 

to Jr{u;u!,f). Wc may now combine these estimates in (|4.10p to conclude that 

Jr{n;LoJ) «M.s r\u\'-'' +K^'r'-''\u\'-'' «m,s K''r'-''\n\'-'' , 

for any M ^ 1, since r <^s K. Thus it follows that 

J.(u;c.,/)«^,5A'^+V-^|ur^ 

for any ^ 0. We may insert this into (|4.6p with fc = to deduce that (|4.12p 
holds for any ^ 0. This completes the proof of Lemma [TOl □ 

We will need a finer estimate for Iq{c;w) when c has small modulus. The fol- 
lowing result is established along the lines of [6l Lemma 22]. 

Lemma 11. Let c G Z" with c ^ 0. Then we have 

,a%(c;^) l|gf"/'+^+%„/2+l+e/|c|V-"/'+^ 



fork e {0,1}. 

Proof. Our starting point arises from (|4.3p , (|4.4I1 and (|4.6p , which render it sufficient 
to study the quantity Jr(u; u, f ) for u) £ W(S') and f €71. We will use the identity 
(|4.10p . where as stated there ui e W{S) is such that supp(a;i) C supp(cj), and p{t) 
satisfies (|ilT|) for any ^ 0. 

It will be convenient to introduce parameters <5 > and T ^ 1, to be selected in 
due course. On recalling the definition (|4.9p of the quantity K, our immediate goal 
is to estimate J, (u;cl',/) under the assumption that 

|u| ^ KT"^. (4.13) 

We proceed by using the subdivision process detailed in [6l Lemma 2] to split up 
the range for x. On combining this result with (|4.10p it therefore follows that 

Jr{n-uj,f)^6-^ r p{t) f f c^5(^^,y)e(ti?(x)-u.x)dxdydt, 

where F(x) = lj5((5^^(x — y),y) belongs to >V(S') and has supp(F) C supp(a;i) C 
supp(a;). Writing x = y + (5z wc deduce that 

|J,(u;c^,/)K / / / c^3(z)e(ti?(x) -u.x)dz dMy, (4.14) 

JR" J-oo JR" 

with a;3(z) — ijj3(z,y) = ijj5-(z,y) £ W(5) and supp(ijJ3) C supp(a;). In order to 
effectively estimate the inner integral in (|4.14p . we must now differentiate the pairs 
(y, t) according to whether or not they yield a negligible estimate. We will say that 
the pair (y, t) is 'good' if 

5|fVi?(y)-u| > Tmax{l,i4:|i|(52}, (4.15) 

and 'bad' otherwise. 
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We begin by treating the case of good pairs (y, t). Working under the assumption 
(|4.13p and (|4.15|) . we wiU estimate the inner integral in ()4.14|) via an apphcation of 
[SI Lemma 10]. Let 

/(z) = tR{y + 6z) - u.y - Su.z. 

Then the partial derivatives of order at least two are all OsiKltld"^), and further- 
more 

|V/(z)| = S\tVRiy) - u| + OsiK\t\S^). 
But then |V/(z)| ^5 T ma.x{l, KltlS"^}, and it is easy to deduce that 



^ cc;3(z)e(ii?(x) - u.x)dz «jv,5 T-^, 



for any N ^ 1. In view of (|4.1ip and the fact that all of the relevant y satisfy 
|y| <^;s Ij we therefore obtain an overall contribution of On.s{KT~'^) to Jr(u; oj, /) 
from the good pairs in (|4.14p . 

Turning to the contribution from the bad pairs, we henceforth set 

Then it follows from (|4T5l) that 

|iVi?(y) - uK K'/^T\u\'/^ max{l, \t\/\u\}, 
if (y, t) is a bad pair. We claim that if (y, t) is a bad pair then 

K-'\u\ «5 |t| «5 |u|, (4.17) 

and 

\tVR{y) - u| «s x1/2t|u|1/2. (4.18) 

It will clearly suffice to establish (|4.17p . since (|4.18[) is a trivial consequence of 
this and the previous inequality. Suppose first that |i| ^ |u|. Then tVi?(y) = 
u + Os{K^^^T\u\^/^), and so 

K\t\ »s |tVi?(y)| »s |u|, 

since (|4TT3l) implies |u| >5 K^^'^T\u\'^^'^ . This establishes (|4T7)l in this case. Sup- 
pose now that \t\ ^ |u|, so that u/t = Vi?(y) + OsiK'^^^T\u\-^^^). Recah the 
definition of the weight function 

n 

W3(z) = W5(z,y) = Co"cJi(x) J^mo C^' J ^' )' 

as it is constructed in the proof of [SI Lemma 2]. In particular it follows that we 
must have — (5 ^ ^ a:^ -I- (5 for 1 ^ i ^ n, if uj^iz) is to be non-zero in (|4.14p . 
Hence |Vi?(y)| >s 1 - (5 >s 1 ^ K^/^T\u\~^/^, by ^J^. Thus we must have 
|u| 1^1 under the assumption that T 3>s 1, and so (|4.17p holds in this case also. 
Drawing all of this together we deduce from (|4.14p that 

J,(u;w,/) «jv,5i^r-^+ / / \p{t)\ f |t^3(z)|dzdMy, 

provided that (|4.13p holds, where (y, t) runs over values of M"+^ such that (|4.17p 
and (|4.18p hold, with |y| ^5 1. We now substitute x = y+Sz for y in this estimate. 
Now it is clear from (|4.16p that 

|tVi?(x) - tVR{y)\ «s K\t\6 «s K^^M^^^ < K^/^T\u\^/^, 
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since |z| ^5 1 and \t\ ^5 |u|. Thus if y satisfies ()4.18p then so must x. On 
employing the bound p{t) <C5 Kr that foUows from (14. lip , we therefore conclude 
that there exists i e M in the range (|4.17p such that 

Mu;iuJ) <^N^s KT-"" + Kr\u\Yol{St), 

for any TV > 1, where 

5t = {x G supp(t^) : |tVi?(x) - u| <s K^/^T\u\^/^}. 

An easy calculation reveals that each Xi in St is restricted to an interval of length 
Osi\A,\~^AiK^/^T\u\-^/^), whence 

K'3n/2 All 

voi(5t)«s |. 7 iur"/^r". 

|Aq| 

It therefore follows that 

7^3n/2+l 

J,(u;c.,/) «^,s + -^^r|u|i-"/2r", (4.19) 

for any TV > 1, under the assumption that (|4.13p holds. 

In order to complete the proof of Lemma [TT] we let e G (0, 1/2) and recall the 
definition (|4.9p of We will show that 

&'3n/2+l /in 

Mu;cjJ) «e,s V |u|i-"/^(r-i|u|)^ (4.20) 

Suppose first that |u| i;i:(«+2e)/«^-2e/n_ j,^^^ ^^^^ 

j^{n+2e)/n^~2s/n ^n/(n-2-2e)^-2e/(ri-2-2e) ^ 

since r <^s K and ii' ^ 1. Hence it follows from Lemma [9] that 

J,(u;w,/) «5 r ^ ifr «5 /^"/'+V|u|i-"/2(^-i|^|)e^ 

which is satisfactory for (|4.20p . Suppose now that |u| > x("+2^)/"r-2^/" and write 

T = c(r-i|u|)"/2", 

for a suitable constant c > depending only on n. Then we claim that T ^5 1 
and |u| ^ KT'^ if c is chosen to be large enough. To see the former inequality we 
note that r-i|u| > x("+2^)/"r-i-2e/« 2, since r <s if. Moreover, the latter 
inequality holds if and only if |u| ^ (an/{n-e) j^n/{n-e)^~e/{n~e) _ g^^- ^j^jg jg gg^gj^y 
seen to hold when |u| > if ("+2£)/n,,-2£/n g^j^^j jg chosen to be suitably large, since 
r <^s K. Hence we may apply (|4.19p to deduce that 

^3n/2+l4n 

Mn-LoJ)^n,s KT-''+ V |u|l-"/^(r"l|u|)^ 

I^qI 

in this case. On taking N to be sufficiently large in terms of e, we therefore complete 
the proof of (|4.20p for any u e M". We now insert this into l|4.6p . and then into 
(|4.3p and (|4.4p . with r = ^^^B^^q and v = ^''^c, in order to conclude the 
proof of Lemma [11] □ 

We end this section by considering the integral lq{0;w) — B"I*{0;w), for 
r = A^^^^B-^q and any w G W(S'). A trivial apphcation of Lemma [51 together 
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with (14. 6p . therefore yields d''I*{0;w)/dr'' <s:s r for fc e {0, 1}. Hence we may 
conclude from (l43l) and (l44l) that 



d^lq{0-,w 



q\"; '^1 „ -k 



<S q-'B^, (4.21) 



for k G {0, 1}. We can achieve a finer estimate in the case fc = 0. Since (j4.7p holds 
on supp(w), we may proceed as in the proof of Lemma to conclude that 

/oo 
I{v)h{r, y)dy, 
-oo 

where / G 'Wi[S) is given by (|4.8p . Thus [6:, Lemma 9] yields 

/;(0;u;)=/(0) + O^,5(r^), 

for any N \. In fact [6l Lemma 9] is stated under the assumption that r ^ 1. It 
is easy to see, however, that the result holds trivially if r ^ 1, since then /(O) ^5 
1 ^ r^. The integral /(O) is a non- negative constant that is related to the singular 
integral, whose value depends only upon the weight w and the quadratic form Q. 
While the precise value of /(O) ~ l{0;w) is unimportant for our purposes we will 
need the following upper bound. 

Lemma 12. LetweW{S). Then we have l{0;w) <s:s A^^WQW-'^^^ . 

Proof. On relabelling the coefficients of Q, we may assume without loss of generality 
that 

(3(x) = Aixf - a2A2xl o-„A„a;^, 

with Ai, . . . , An > and (72, • • ■ , cr„ e { — 1, +1}. It therefore follows from a simple 
change of variables that 

w{A^'^^P{y),A^'/^X2, . . . , A-'/^Xn)dy 



/(0;w) s$ A 



— 00 



|AQ|l/2F(y) 

where the integral is over all y = (x2, . . . ,Xn) £ M""-'^, and 



-P(y) = y<72xl H + cr„a;2. 

But the integrand here vanishes unless A^^ -P(y) A^^. Hence we have 

mw)«s OqI-i/mq), 

where V{Q) is the volume of y = {x2, . . . , Xn) G M"^^ for which P(y) ^5 A\^'^ and 

1 /2 

Xi A^' , for 2 ^ i ^ 71. In order to complete the proof of Lemma [T^ it will 
therefore suffice to show that V(Q) <5 \Aq\^/^\\Q\\-^/^ , 

This inequality is trivial if Ai = ||(5||, since ViQ) <s 1^2 ■ ■ ■ Alter- 
natively, on supposing without loss of generality that \\Q\\ — A„, we fix values 

1 /2 

of a;2, . . . ,Xn-i and estimate the volume of a;„ S M such that x„ AJ and 

— d\ ^ij where (5 = S{x2, ■ ■ ■ ,a;„_i). The latter inequality implies that this 
1/2 

volume is Os{A^' ), which therefore leads to the overall estimate 

V{Q) «S 1^1 • • -^n-il^/' = |Aq|1/2||q||-i/2, 
as required. □ 
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Write /(0;wt) = Aiaoo{Q), where g W{n) is given by (|2?5|) . Then on 
combining Lemma [12] with our arguments above, we have therefore estabUshed the 
following result. 

Lemma 13. There exists a non-negative constant aoo{Q) such that 
for any N ^ 1, with 

5. Derivation of Proposition [T] 
In this section we are going to derive Proposition [TJ Let n ^ 5 and recall the 

1/2 _____ ______ 

choice X = A-^' B that was made in (|2.10p . It therefore follows from (|2.9p that 

oo 

^-t(Q;i3) = ^ 5] 5]g-"5,(c)/,(c), (5.1) 

ceZ" g=l 

where c_b = 1 + On{B~^) for any TV > 1, S'g(c) is given by (|2.7p . and Iq{c) is 
given by (|2.8p . Let £ > and P > 1. Then it follows from Lemma [2l together with 

^ 1 /2 

Lemma [TOl and the fact that Iq{c) = for g B\\Q\\/A-^ , that the contribution 
to the right hand side of (|5.ip from |c| > P is 



IIOII 



N 



^1 9«„B||QIIMi/= |c|>P^l |C| 

||Q||^+1Ag|V^ IIQir 
for any N > n. But this is clearly 

^n/2+3/2 ^ ^M/2pM' ^^'^^ 

for any M ^ 1. Turning to the contribution from 1 ^ |c| ^ P, we employ LemmafTT] 
to deduce that 

||nl|3n/2+l+e 

J (c) «r nn/2+l+e n/2-l| |l-n/2+e 

On combining this with Lemma [^J we therefore obtain 

oo 

5]g-"5,(c)/,(c)« max ^ ^ q-"|5,(c)/,(c)l 

g=l 5^«:„-B||Q||Mi j^logy 2J-i<g^2J 



||Q||3n/2+2+e 



||nl|3n/2+2+£ 
^ ll'^ll ^(n+3+<5„)/2+ei |l-ji/2+e 
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when 1 ^ |c| ^ p. Summing over such values of c we therefore deduce that the 
contribution to the right hand side of (|5.1|) from 1 ^ |c| ^ P is 

|nl|3n/2+2+£ 

^ I'^ll n(n-l+5„)/2+£pn/2+l+£ 

«^-^„/2+5/2|^^|,/,^ 

Once combined with (|5.2p . we see that the overaU contribution from c ^ is 
||Q||»+i+^|Aq|V^ , / ||Qr-^p("-i)/^ ||Q||»/2+ip»/2+i+. 

^ i ^M/2^M + Ai|Aq| 

for any M ^ 1. Taking M = \{n - l)/(2e)] and P = \11q\^/^' \\Q\\B'' / A\'^ , we 
therefore see that there is a contribution of 

||2n+3+e (^'^^ 



^ 11*^11 r(«-1+<5„)/2+£ 

""4"/^+Vq|V2'' 

to the right hand side of (|5.ip from those c ^ 0. 

It remains to handle the contribution from the case c = 0. For this it follows 
from Lemma [5] and (I4.2ip that for any Y ^ 1, we have 

'Z""^g(0)/,(0) |AQ|i/2+-i3"y(3+^"-")/2+^ 

y/2<g^F 

1 /2 

On summing over dyadic intervals for Y such that B ^ Y -Cn -B||(5||/^i , we 
deduce that the overall contribution to the right hand side of (|5.ip from c = and 
g ^ P, is 

A-l|AQ|l/2+e5(«-l+5„)/2+e^ (5 4) 

Finally we note that an application of (|3.2[) , together with Lemma [131 reveals that 
the contribution from c = and g ^ P is 

^ ^ g-"5,(0)J,(0) =aoo(Q)6(Q)P"-2 

+ 0,,„(Ar^|AQ|i/2+es("-i+^„)/2+s) 

, TDn-2-N , 

for any ^ 1. On selecting N = (n — 3 — 5„)/2, and applying Lemma[2l we deduce 
that the error terms in this estimate are also bounded by (|5.4p . Observe that 

|AQp/2_ |Aq| ^ IIQII" ^ 



^1 v4i|Aq|1/2 - Ai|Aq|1/2 - a3«/4+3|^^|i/2- 

We may now combine these inequalities with (|5.3p and (|5.4p in (15. ip . in order to 
complete the proof of Proposition [1] 
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6. Derivation of Proposition [2] 

We proceed as in the previous section, much of which carries over to this setting. 
Let 71 = 4 and assume that Aq is not a square. Then the above argument suffices 
to handle the terms with |c| ^ P, or with f ^ |c| ^ P and Q^^{c) ^ 0, where 
P = IAqI^WQWE^aI^^. Hence it follows that 

|c|sJP 

where cb = 1 + Ov(-B"^)- When 1 |c| < P and Q'^ic) = we may use partial 
summation, based on Lemmas |8] and [TT] Now the latter result implies that 

for k G {0, 1}. Once combined with the former, we see that 

for any Y <Ce i?||Q||/Aj^'^. Now it follows from (II. 6|) that there are at most 
0£,n(-P^+^) vectors c e for which |c| < P and g-i(c) = 0. Hence we con- 
clude that 



q<^B\\Q\\/A\'^ 



To handle the contribution from large q we employ partial summation again, 
this time based on Lemma [8] and (|4.21[) . Thus we obtain 

v/2<<jssy 

for any Y ^ 1. On summing over dyadic intervals for Y in the interval P^-e ^ 
Y B\\Q\\/aY^ , we easily deduce that terms with c = and q ^ P^^° contribute 
0^{A-^ |Aq|3/4+'^B3/2+^) to iV^t (Q; P), which is satisfactory. Finally, for q ^ B^^" 
we may apply Lemma [T51 and (|3.10p . together with the second part of Lemma [51 in 
order to conclude that 

7V^t(Q;P) = <7^{Q)6{Q)B^ + (-i^^p3/2+-) . 

1 1 Q \ 

This completes the proof of Proposition [2l 

7. The singular series 

In this section we establish Proposition [3l Let n ^ 4 and assume that Ag is not 
a square when n — A. Then (|3.H) holds, and we have 



eiQ)=YlDpin;0), 
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in the notation of (|3.4p . Wc begin by handling the factors Dp{n;0), for which 
p f Aq. Suppose first that p = 2. Then an appUcation of [2, Lemma 4] reveals that 

D2{n; 0) = 1 + 0,.n ( ^ 2^(1^"/^+^)^ 

since n ^ A. Suppose now that p > 2 and write Xq{p) — usual. We may 

therefore combine (|3.6[) with the proof of [2, Eqn. (5.2)], in order to deduce that 

n(n■o)-^ ii-XQ{p)p-')-'{i + 0{p-'/')), ifn = 4, 

Vp[n,i))^<^ l + Oe,„(p-^/'+^), if "^5. 

Now Lemma [7] implies that L{1,xq) -Ce |Aq|'^. Hence 

„ / „N TT 7^ / f |Ao|^, if n = 4 and Ao not square, ^^ 

i?2(n;0) _[]_ i?p(n;0) «,,„ j ^ ^1 ' .^^^g ^ ^ (7.1) 

We now turn to an upper bound for the factors (jp — Dp{n; 0), for odd p \ Aq. 
Recall that 

ap = lim p-'=("-i)iVfe(p), Nk{p) = #{x (mod /) : Q(x) = (mod /)}. 

k — ^oo 

After relabelling the indices we may assume that there exists d €N such that 

(Ai,...,A„) = (ai,...,a^,/6i,...,/5s), 

with p \ ai ■ ■ ■ ar- Moreover, we may suppose that r + s — n and there is an index 
1 ^ i ^ s such that p\bi. We have r, s ^ 1, since p \ Aq and the highest common 
factor of Ai, . . . , A„ is assumed to be 1. Observe that for any fixed integers a,b 
such that p \ a, and any fc G N, the number of positive integers n ^ p'' such that 
an^ = b (mod p^) is at most 2. We proceed to show that 

A^fc(p) <4/("-i', (7.2) 

for any fc ^ 1. If fc ^ d then it easily follows that 

Nk{p) = ...,Xr (mod p'=) : J^^^, a,xj = (mod /)} =^ 2/("-i), 

which is satisfactory for (|7.2p . Assume now that k > d. On writing x = (y,z) for 
y = (yi, . . . , ?/r) and z = (zi, . . . , Zg) modulo p^ , we see that 

Nk{p) = #{y,z (mod /) : ELi «»2/f +p'E:=i b^zf = (mod /)} 

#{z (mod p'^) : ^^ti = (mod p'^-'^)}. 

y (mod p*") 

Now the summand here is plainly equal to 

p'*''#{z (mod p''-'^) : J2U^ hzf = w (mod p''-^)] =^ 2p'^'+^^-'^^^''-^\ 

since there exists at least one value of &i , . . . , 5s that is not divisible by p. But then 
it follows that for fc > d we have 

Nk{p) ^ 2p'^-(^-i)+'^#{y (mod p'^) : Y."=i °'^vl = (mod p'')} 
^ 4p'=(''-i)+'^p('^-'')''+''('-i) = 4p''("-i). 
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This too is satisfactory for (17. 2p . We have therefore shown that Cp ^ 4 when n ^ 4 
and p I Aq is an odd prime. Once combined with ()7.1|) . this shows that 

S(Q)«e,„ IAqI^ n 4«e,n lAgr, 

p|Aq 

and so completes the proof of Proposition [31 

References 

[1] T.D. Browning, Counting rational points on diagonal quadratic surfaces. Quart. J. Math. 54 
(2003), no. 1, 11-31. 

[2] T.D. Browning and R. Dietmann, Representation of integers by quadratic forms. Submitted, 
2006. 

[3] T.D. Browning and D.R. Heath-Brown, Counting rational points on hypersurfaces. J. reine 

angew. Math. 584 (2005), 83-115. 
[4] H. Davenport, Analytic Methods in Diophantine Equations and Diophantine Inequalities. 

2nd ed., edited by T.D. Browning, CUP, 2005. 
[5] D.R. Heath-Brown, Hybrid bounds for Dirichlet L-functions. II. Quart. J. Math. 31 (1980), 

157-167. 

[6] D.R. Heath-Brown, A new form of the circle method and its application to quadratic forms. 

J. reine angew. Math. 481 (1996), 149-206. 
[7] D.R. Heath-Brown, The density of rational points on curves and surfaces. Annals of Math. 

155 (2002), 553-595. 

[8] A.V. Malysev, The weighted number of integer points lying on a surface of the second order 
(Russian). Zap. Naucn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 1 (1966), 6-83. 
[9] C.L. Siegel, Equivalence of quadratic forms. Amer. J. Math. 63 (1941), 658-680. 
[10] E.C. Titchmarsh, The theory of the Riemann zeta-function. 2nd ed., edited by D. R. Heath- 
Brown, OUP, 1986. 

School of Mathematics, University of Bristol, Bristol BS8 ITW 
E-mail address: t . d.browningObristol . ac .uk 



